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Electron spin evolution induced by interaction with nuclei in a quantum dot
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We study the decoherence of a single electron spin in an isolated quantum dot induced by hyperfine
interaction with nuclei for times smaller than the nuclear spin relaxation time. The decay is caused
by the spatial variation of the electron envelope wave function within the dot, leading to a non-
uniform hyperfine coupling A. We show that the usual treatment of the problem based on the
Markovian approximation is impossible because the correlation time for the nuclear magnetic field
seen by the electron spin is itself determined by the flip-flop processes. The decay of the electron spin
correlation function is not exponential but rather power (inverse logarithm) law-like. For polarized
nuclei we find an exact solution and show that the precession amplitude and the decay behavior can
be tuned by the magnetic field. The decay time is given by ~N/A, where N is the number of nuclei
inside the dot. The amplitude of precession, reached as a result of the decay, is finite. We show that
there is a striking difference between the decoherence time for a single dot and the dephasing time
for an ensemble of dots.
PACS numbers: PACS numbers: 85.35.Be; 73.21.La; 76.20.+q; 76.60.Es
I. INTRODUCTION
The spin dynamics of electrons in semiconducting
nanostructures has become of central interest in recent
years [1, 2]. The controlled manipulation of spin, and in
particular of its phase, is the primary prerequisite needed
for novel applications in conventional computer hardware
as well as in quantum information processing. It is thus
desirable to understand the mechanisms which limit the
spin phase coherence of electrons, in particular in GaAs
semiconductors, which have been shown [3] to exhibit
unusually long spin decoherence times T2 exceeding 100
ns. Since in GaAs each nucleus carries spin, the hyper-
fine interaction between electron and nuclear spins is un-
avoidable, and it is therefore important to underdffect on
the electron spin dynamics [4]. This is particularly so for
electrons which are confined to a closed system such as
a quantum dot with a spin 1/2 ground state, since, be-
sides fundamental interest, these systems are promising
candidates for scalable spin qubits [5]. For recent work
on spin relaxation (characterized by T1 times) in GaAs
nanostructures we refer to Refs.[6, 7, 8].
Motivated by this we investigate in the following the
spin dynamics of a single electron confined to a quan-
tum dot in the presence of nuclear spins (see Fig. 1)[9].
We treat the case of unpolarized nuclei perturbatively,
while for the fully polarized case we present an exact
solution for the spin dynamics and show that the de-
cay is non-exponential and can be strongly influenced
by external magnetic fields. We use the term ”decoher-
ence” to describe the case with a single dot, and the term
”dephasing” for an ensemble of dots [10]. The typical
fluctuating nuclear magnetic field seen by the electron
spin via the hyperfine interaction is of the order of[11]
∼ A/(
√
NgµB), with an associated electron precession
frequency ωN ≃ A/
√
N , where A is a hyperfine constant,
g the electron g-factor, µB the Bohr magneton, and N
the number of nuclei inside the dot. For a typical dot size
the electron wave function covers approximatelyN = 105
nuclei, then this field is of the order of 100 Gauss in a
GaAs quantum dot. The nuclei in turn interact with each
other via dipolar interaction, which does not conserve the
total nuclear spin and thus leads to a change of a given
nuclear spin configuration within the time Tn2 ≈ 10−4s,
which is just the period of precession of a nuclear spin in
the local magnetic field generated by its neighbours.
We note that there are two different regimes of in-
terest, depending on the parameter ωNτc, where τc is
the correlation time of the nuclear magnetic field HN (t)
seen by the electron spin via the hyperfine interaction.
The simplest case is the perturbative regime ωNτc ≪ 1,
characterized by dynamical narrowing: different random
nuclear configurations change quickly in time, and, as
a result, the spin dynamics is diffusive with a dephas-
ing time ≃ 1/(ω2Nτc). This case is realized, for example,
for a system of quantum dots (or shallow donors) when
the hopping rate 1/τc of the electron between neighbour-
ing dots is high. The problem of electron spin relax-
ation for the case of electron hopping between shallow
donors in GaAs was studied in Ref. 12. Using a pertur-
bative approach, we easily obtain the following formulas
for the longitudinal (T1) and transverse (T2) spin relax-
ation times [12, 13]:
21
T1
=
(gµB)
2
~2
1
2
∫ +∞
−∞
dτ exp(−iωzτ)Re[< HNx(0)HNx(τ) > + < HNy(0)HNy(τ) >],
1
T2
=
1
2T1
+
(gµB)
2
~2
1
2
∫ +∞
−∞
dτ < HNz(0)HNz(τ) >, (1)
where ωz = gµBB/~ is the Larmor spin precession
frequency in the external magnetic field B directed along
the z-axis, and < ... > means the ensemble average of
the fluctuating nuclear magnetic field correlators. (In the
limit ωzτc ≪ 1 we obtain from the above formulas the
well known result T1 = T2, where we took into account
the fact that the fluctuating nuclear field is isotropic.)
A more difficult situation arises when ωNτc ≫ 1, which
requires a nonperturbative approach. It is this regime
that we will consider in this paper, i.e. the electron is
localized in a quantum dot, and the correlation time is
due to the internal nuclear spin dynamics, i.e., τc = Tn2,
giving ωNτc = 10
4. Thus, no usual treatment and no
Markov approximation are possible. In particular, the
perturbative formulas for T1, T2 (see Eqs.(1)) are not ap-
plicable here. Next, we need to address the important is-
sue of averaging over different nuclear spin configurations
in a single dot. Without internal nuclear spin dynamics,
i.e. Tn2 → ∞, no averaging is indicated. However, each
flip-flop process (due to hyperfine interaction) creates a
different nuclear spin configuration, and because of the
spatial variation of the hyperfine coupling constants in-
side the dot, this leads to a different random value of
the nuclear field seen by the electron spin and thus to its
decoherence. Below we will find that this decoherence is
non-exponential, but still we can indicate the character-
istic time given by [10] (A/~N)−1. Moreover, we shall
find that Tn2 ≫ (A/~N)−1, and thus still no averaging
over the nuclear configurations is indicated (and dipolar
interactions will be neglected henceforth). To underline
the importance of this point, we will contrast below the
unaveraged correlator with its average.
II. UNPOLARIZED NUCLEI.
We consider a single electron in an orbital ground state
of a quantum dot. Its spin S couples to an external mag-
netic field B and to nuclear spins {Ii} via hyperfine con-
tact interaction, described by the Hamiltonian
Hˆ = gµBS ·B+ S · hN , hN =
∑
i
AiI
i = gµBHN , (2)
where HN is the nuclear field. Note that the sum in
Eq.(2) runs over the entire space. The coupling constant
with the i-th nucleus, Ai = Av0|Ψ(ri)|2, contains the
electron envelope wave function Ψ(ri) at the nuclear site
ri, and v0 is the volume of the crystal cell. For sim-
plicity we consider nuclear spin 1/2. Neglecting dipo-
lar interactions between the nuclei, we can consider only
some particular nuclear configuration, described in the Iˆiz
eigenbasis as |{Iiz} >, with Iiz = ±1/2.[14, 15] Moreover,
we assume an unpolarized configuration with a typical
net nuclear magnetic field A/(
√
NgµB), being much less
than A/(gµB) (fully polarized case), for the precise defi-
nition of N see below. We study the decay of the electron
spin from its initial (t = 0) Sˆz-eigenstate | ⇑>. For this
we evaluate the correlator
Cn(t) =< n | δSˆz(t)Sˆz | n >, (3)
where <| ... |> means the diagonal matrix element. Here
δSˆz(t) = Sˆz(t)− Sˆz, and Sˆz(t) = exp(itHˆ)Sˆz exp(−itHˆ).
This correlator is proportional to < n|Sˆz(t)− Sˆz(0)|n >.
Since at t = 0 the total (electron and nuclear) state
|n >= | ⇑, {Iiz} > is an eigenstate of Hˆ0 = SˆzhˆNz
(with eigenergy ǫn), we can expand in the perturba-
tion Vˆ = (1/2)(Sˆ+hˆN− + Sˆ−hˆN+) (with Hˆ = Hˆ0 +
Vˆ ). Introducing the usual time evolution operator
Uˆ(t) = Tˆ exp(−i ∫ t0 dt1Vˆ (t1)), with Tˆ being the time-
ordering operator, we get for the correlator < n |
Uˆ †(t)Sˆz(t)Uˆ(t)Sˆz(0) | n >, where the time dependence
of all operators is due to the Hˆ0 Hamiltonian. Then we
obtain in leading order in Vˆ ,
Cn(t) =
∑
k
|Vnk|2
ω2nk
(cos(ωnkt)− 1) ≈ 1
[ǫz + (hz)n]2
∑
k
A2k
8
[cos(ǫz + (hz)n +Ak/2)t− 1] , (4)
where Vnk =< n|Vˆ |k > is the matrix element between
initial state n =⇑, {..., Ikz = −1/2, ...} and intermediate
state k =⇓, {...., Ikz = +1/2, ...}, and ωnk = ǫn − ǫk,
3ǫz = gµBBz. We have used that |Vnk|2 = A2k <
n|1/2− Iˆkz |n > /4, and ωnk = ǫz + (hz)n + Ak/2, where
(hz)n =< n|hˆNz|n >, and the fact that for the typical nu-
clear configuration (hz)
2
n ≃ ω2N ≫ A2k. Since N ≫ 1, we
replace the sums over k (which run over the entire space)
by integrals, i.e.
∑
k fk = (
∫
d3r/v0)f(r)+o(1/N). Then
we have
Cn(t) ≃ − A
2
8πN(ǫz + (hz)n)2
[
I0
2
− I1(τ) cos(ǫz + (hz)n)t+ I2(τ) sin(ǫz + (hz)n)t
]
, (5)
where
I0 =
∫ +∞
−∞
dzχ40(z), I1,2(τ) =
∫ +∞
−∞
dzχ40(z)F1,2(τχ
2
0(z)),
(6)
and
F1(η) =
sin η
η
+
cos η − 1
η2
;F2(η) =
sin η
η2
− cos η
η
. (7)
Here N = aza
2/v0 ≫ 1 is the number of nuclei inside
the dot, and τ = At/2πN . Eq.(5) was obtained with the
use of the following expression for the electron envelope
wave function:
|Ψ(ρ, z)|2 = (1/πa2az) exp(−ρ2/a2)χ20(z). (8)
Here a, az are the dot sizes in the lateral and trans-
verse (perpendicular to the 2D plane) directions, re-
spectively, and the transverse wave function χ0(z) is
normalized, i.e.
∫ +∞
−∞
dzχ20(z) = 1. For any ana-
lytic function χ20(z) with expansion χ
2
0(z) = χ
2
0(0) −
z2(χ20)
′′/2 near its maximum, we have I1,2(τ ≫
1) = ±(χ20(0)/τ3/2)
√
π/(χ20)
′′[sin(τχ20(0))∓cos(τχ20(0))].
Thus, for this case we obtain the universal power law de-
cay for times τ ≫ 1, i.e. t≫ (A/N)−1:
Cn(τ ≫ 1) ≃ −γ + γ˜
τ3/2
sin(h˜nt− φ),
h˜n = ǫz + (hz)n +A0/2. (9)
Here A0 is the coupling constant with the nucleus located
at the center of the dot; and φ is a phase shift with
φ ∼ 1. Note that for the typical nuclear configuration the
quantity A2/N(hz)
2
n is of order unity, thus, for a weak
Zeeman field ǫz < ωN the part of the electron spin state
which decays is of the order of the initial value. Hence,
the same holds for the spin part which survives at τ ≫ 1
(i.e. γ ≃ γ˜ ≃ 1/2, for ǫz < ωN). We see from Eq.(5)
that in the presence of a large Zeeman field, ǫz ≫ ωN ,
the asymptotic behaviour of Cn(t) is not changed, the
only difference being that the decaying part of the initial
spin state is small now, i.e. γ ≃ γ˜ ≃ (ωN/ǫz)2 ≪ 1.
For the fully polarized nuclear state Eqs.(5,9) should be
multiplied by 2, and (hz)n should be replaced by A/2.
We note that Cn(t) in (4) is quasiperiodic in t, and,
thus, it will decay only up to the Poincare´ recurrence time
τP . This time can be found from the condition that the
terms omitted when converting sums to integrals become
comparable with the integral itself. This will happen at
τ ≃ N , giving τP = 0.1s− 1s.
In next order, Vˆ 4, we face the problem of secular terms
or ”resonances”, i.e. the corrections will contain zero de-
nominators. This gives rise to linearly growing terms
∝ ωN t, even for t ≪ (A/N)−1. In higher order the de-
gree of the divergence will increase. This means that the
decay law we found can, in principle, change after proper
resummation, because no small expansion parameter ex-
ists, which, strictly speaking, would justify a perturbative
approach. Still, the result found in lowest order remains
qualitatively correct in that it shows that a non-uniform
hyperfine coupling leads to a non-exponential decay of
the spin. This conclusion is confirmed by an exactly solv-
able case to which we turn next.
III. POLARIZED NUCLEI. EXACTLY
SOLVABLE CASE.
In this section we consider the exactly solvable case
where the initial nuclear spin configuration is fully polar-
ized (see Fig. 2). We also allow for a magnetic field but
neglect its effect on the nuclear spins. With the initial
wave function
Ψ0 = | ⇓; ↑, ↑, ↑, ... > (10)
we can construct the exact wave function of the system
for t > 0,
Ψ(t) = α(t)Ψ0 +
∑
k
βk(t)| ⇑; ↑, ↑, ↓k, ↑, ... >, (11)
with normalization |α(t)|2 +∑k |βk(t)|2 = 1, and we as-
sume that α(t = 0+) = 1, α(t < 0) = 0. The second
term in Eq.(11) is an entangled coherent superposition
of the states with exactly one nuclear spin flipped, and
thus similar to a magnon excitation. The correlator C0
is expressed through α(t) by the formula:
C0(t) = − < Ψ0|δSˆz(t)Sˆz |Ψ0 >= (1− |α(t)|2)/2. (12)
4Then, inserting Ψ(t) into the Schro¨dinger equation we
obtain
i
dα(t)
dt
= −1
4
Aα(t) +
∑
k
Ak
2
βk(t)− ǫzα(t)
2
,
i
dβl(t)
dt
= (
A
4
− Al
2
)βl(t) +
Al
2
α(t) +
ǫzβl(t)
2
, (13)
where A =
∑
k Ak. Laplace transforming (13), α(ω˜) =∫∞
0
dt exp(−ω˜t)α(t), we obtain
α(ω˜) =
iα(t = 0+)
iω +A′/2−∑k A2k/4(iω +Ak/2) , (14)
where iω = iω˜ − A′/4, A′ = A + 2ǫz, and we have used
the fact that βk(t = 0) = 0. Now we use the identity∑
k A
2
k/4(iω + Ak/2) = A/2 − iω
∑
k Ak/2(iω + Ak/2)
and replace the sum
∑
k
Ak
iω+Ak/2
over the xy-plane by
an integral. Calculating it using |Ψ(rk)|2 given in Eq.(8)
we obtain:
α(t) =
1
2πi
∫
Γ
dω i exp[(ω − iA′/4)t]
iω + ǫz + πNiω
∫
dz ln(1− iAχ20(z)2πNω )
.
(15)
As usual, the integration contour Γ in Eq.(15) is the verti-
cal line in the complex ω-plane so that all singularities of
the integrand lie to its left (see Fig. 3). These singulari-
ties are: two branch points (ω = 0, ω0 = iAχ
2
0(0)/2πN ≡
iA0/2), and first order poles which lie on the imaginary
axis (ω = iv). For ǫz > 0 there is one pole, while for
ǫz < 0 there are two poles, and for ǫz = 0 there is one
first order pole at ω1 ≈ iA/2 + iA
∫
dzχ40(z)/4πN . For
the contribution from the branch cut between ω = 0 and
ω = ω0 we obtain
α˜(t) =
e−iA
′t/4
πN
∫ 1
0
dκ2z0κe
iτ ′κ
{
[κ
∫
dz ln |1− χ
2
0(z)
χ20(0)κ
|
+ κ/πN − 2ǫz/Aχ20(0)]2 + (2πz0)2κ2
}−1
, (16)
where τ ′ = τχ20(0), and z0 = z0(κ) is defined through
χ20(z0) = χ
2
0(0)κ. We have introduced the dimensionless
variable κ = ω/ω0 ≤ 1. In terms of this new variable
the argument of the log function in Eq.(15) has the form
1−χ20(z)/κχ20(0). Therefore, for a given κ this expression
changes the sign at z0(κ) which can be found from the
equation given above.
Thus, the physical picture can be described as follows.
At the initial time t = 0 the system has some energy cor-
responding to the pole and starts to oscillate back and
forth each time visiting different frequencies within the
branch cut which corresponds to the flip-flop processes
with the nuclei located at different sites. Therefore, the
contribution from the branch cut describes the electron
spin decoherence. At τ of the order of unity (where the
decay mainly occurs) the decoherence is due to the inter-
action with the nuclei located at distances of the order of
the dot radius where the derivative of the coupling con-
stant is maximal. For longer times, τ ≫ 1, the asymp-
totics is determined either by the interaction with the
nuclei located far from the dot or near the dot center
depending on the Zeeman field value.
First we consider the case ǫz = 0, i.e. no magnetic
field. The asymptotic behavior of Eq.(16) for τ ≫ 1 is
determined by κ ≪ 1. For example, for χ20(z)/χ20(0) =
exp(−z2) we find
α˜ ∝ 1/ ln3/2 τ. (17)
This behaviour is not universal and is determined by the
form of the electron wave function at distances that are
large compared to the dot size since at large τ the deco-
herence is due to the interaction with the nuclei located
far from the dot. As a result, a nuclear spin diffusion in-
duced by the hyperfine interaction occurs in that region.
Thus, the decay of |α(t)| starts at τ > 1, i.e. at
t > N/A, as in the unpolarized case (see Fig. 4). Note
that the magnitude of α˜ is of order of 1/N (see also
Ref.16), thus, the decaying part of the initial spin state
has this smallness as well, in contrast to the unpolarized
case above where this part is of order one. The reason for
this smallness is that for a fully polarized state the gap
seen by the electron spin through the hyperfine interac-
tion is A/2, therefore, only a small portion ∼ 1/N of the
opposite (+1/2) state can be admixed. Indeed, in this
case the change of the energy of the electron subsystem
is∼ A/N which can be compensated by the energy (order
of A/N) of a magnon excited in the nuclear subsystem.
For a large Zeeman field (|ǫz| ≫ A) and for τ ≫ 1, the
main contribution in (16) is given for κ → 1, i.e. by the
interaction with the nuclei located near the dot center.
Expanding χ20(z) for small z (see above), we obtain z
2
0 =
2χ20(0)(1 − κ)/(χ20)′′. Then from Eq.(16) we have for
|ǫz| ≫ A
α˜(τ ≫ 1) = −e
iτ ′−iA′t/4
4
√
πN
χ20(0)√
(χ20)
′′
A2
ǫ2z
(1 + i)
τ3/2
. (18)
From this we find then that the correlator (12) agrees
with the perturbative result (5) for the fully polarized
state, i.e. C0(t) − C0(∞) ∝ 1/t3/2. (Note that the
asymptotic behaviour of the correlator is given by the
term which is the cross product of the pole contribu-
tion and the one (Eq.(18)) from the branch cut.) This
agreement is to be expected, since for a large Zeeman
field, the perturbative treatment with a small parame-
ter A/|ǫz| ≪ 1 is meaningful (the same is true for any
model with a small expansion parameter, for example,
for a system with anisotropy, where the hyperfine con-
stants in perpendicular and transverse directions are dif-
ferent, see section III B). However, at zero Zeeman field,
when the system cannot be treated perturbatively, we
find C0(t)− C0(∞) ∝ 1/ ln3/2 t, and the agreement with
(5) breaks down. Nevertheless, the characteristic time
scale for the onset of the non-exponential decay is the
same for all cases and given by (A/N)−1. We have also
5checked that < Sˆx(t) − Sˆx(0) > has the same behaviour
as < Sˆz(t)− Sˆz(0) > with the same characteristic time -
N/A.
Finally we mention that the observed decay of the elec-
tron spin can be experimentally studied by local NMR
measurements [17].
A. Fully polarized nuclei. 2D case
Here we consider the 2D case when there is no varia-
tion of the coupling constants in one direction, i.e. we
use the model representation χ20(z) = θ(1/2− |z|). This
case allows us to follow the dependence of the electron
spin decay law on the spatial variation of the electron
wave function in different directions. From Eq.(15) we
obtain the following singularities: two branch points
(ω = 0, ω0 = iA/2πN) and the first order poles which
lie on the imaginary axis (ω = iv). The position of these
poles can be found from the equation:
exp(− 1
πN
) exp(
2ǫzξ
A
) = 1− ξ; ξ = A/2πNv. (19)
For positive ǫz there is only one solution of this equation,
for negative ǫz - there are two. Thus, at ǫz = 0 there is
one first order pole at ω1 =
iA
2πN
1
[1−exp(−1/πN)] . For the
contribution from the branch cut between ω = 0 and
ω = ω0 we obtain:
α˜(t) =
exp(−iA′t/4)
πN
∫ 1
0
dκκ exp(iτκ)
[κ ln(−1 + 1/κ) + (κ/πN)− (2ǫz/A)]2 + π2κ2 . (20)
Let us consider first the case of zero Zee-
man field. Then we have α(t > 0) =
exp(−iAt/4) exp(ω1t)/(πN [exp(1/πN) − 1]) + α˜(t).
The asymptotic behaviour of Eq.(20) at ǫz = 0 and for
τ ≫ 1 is 1/ ln τ . In the case of a strong Zeeman field,
|ǫz| ≫ A, it follows from Eq.(20) that the asymptotics
at τ ≫ 1 is 1/τ . Note, that this asymptotics is true in
the interval 1≪ τ ≪ exp(2|ǫz|/A). Then we obtain:
< Sˆz(t) >=
1
2
− |α|2 = −1
2
[1− A
2
2πNǫ2z
]− A
2
2πNǫ2z
Re{exp(−iA
′t/2) exp(iτ)
iτ
}. (21)
The change of the asymptotics occurs even at |ǫz| ≪ A. If
1 ≪ τ/ ln τ ≪ A/|ǫz|, then the asymptotics is as before,
i.e. 1/ ln τ . For τ/ ln τ ≫ A/|ǫz| ≫ 1 it is 1/(τ ln2 τ).
B. Anisotropy in the exactly solvable model.
We consider here the model where the hyperfine con-
stants in the z-direction and in the transverse direction
are different (there is no Zeeman field): Azi = Azv0 |
Ψ(ri) |2, A⊥i = A⊥v0 | Ψ(ri) |2. Then from a system
of the equations similar to Eq.(13) we obtain the fol-
lowing solution (again for the 2D case, when χ20(z) =
θ(1/2− |z|)):
α(t) =
i
2πi
∫
Γ
dω
exp(−iAzt/4) exp(ωt)
iω + (Az/2)− (A2⊥/2Az) + πN(A2⊥/A2z)iω ln(1− iAz2πNω )
. (22)
Note that this equation has the same form as Eq.(15),
i.e. an anisotropy plays the role of a Zeeman field. Then
for the contribution from the branch cut (the decaying
part of the initial spin state) we have:
6α˜(t) =
exp(−iAzt/4)
πNσ
∫ 1
0
dκκ exp(iτκ)
[κ ln(−1 + 1/κ) + (κ/πNσ) + 1− 1/σ]2 + π2κ2 , (23)
where σ = A2⊥/A
2
z , and τ is defined now as τ = Azt/2πN .
In the case of strong anisotropy, σ ≪ 1, we have at τ ≫ 1:
< Sˆz(t) >=
1
2
− |α|2 = −1
2
(1− 2σ
πN
)− 2σ
πN
Re{exp(−iAzt/2) exp(iτ)
iτ
}. (24)
The same result follows for the polarized state from
Eq.(4) in the perturbative approach.
C. Some features of the fully polarized state.
There are several interesting features which we can ob-
serve for the fully polarized state. In an external Zee-
man field, the effective gap seen by the electron spin
is A′/2 = A/2 + ǫz. Thus, when ǫz is made negative
this gap decreases and even vanishes at |ǫz| = A/2.
From Eq.(15) we find that the two poles are symmet-
ric in this case, and the system resonates between the
two frequencies ω± = ±iA(
∫
χ40(z)dz)
1/2/
√
8πN . Note
that the residual gap is of order A/
√
N (and not A/N ,
as one might naively expect). Near this Zeeman field we
have |α(t)|2 = cos2(ω+t) (up to small corrections of order
1/N), and, as a result, |α|2 averaged over time is 1/2, i.e.
the up and down states of the electron spin are strongly
coupled via the nuclei (see Fig. 5). In contrast, outside
this resonance regime the value of |α|2 is close to 1 (again
with small 1/N corrections), i.e. < Sˆz(t) >= 1/2− |α|2
is close to -1/2 at any time. The width of the resonance
is ∼ A/
√
N , i.e. small compared to the initial gap A/2.
We note that this behavior represents periodic (Rabi) os-
cillations with a single well-defined frequency and is not
related to decoherence. [The latter is described by the
branch cut contribution α˜ which remains small (order
1/N) even near the resonance.] This abrupt change in
the amplitude of oscillations of < Sˆz(t) > (when chang-
ing ǫz in a narrow interval aroundA/2) can be used for an
experimental detection of the fully polarized state. Note
that the weight of the upper pole alone (i.e. that which
exists at ǫz = 0) also drops abruptly from a value close
to 1 to a value much smaller than 1 in the same narrow
interval, which can be experimentally checked by Fourier
analysis.
Another special value of the Zeeman field corresponds
to the case when the upper pole is close to ω0 (κ = 1)–
the upper edge of the branch cut. This occurs (see
Eq.(15)) at the critical value ǫ⋆z = bA/2 < 0, where b =
χ20(0)
∫
dz ln |1 − χ20(z)/χ20(0)| < −1 is a non-universal
number which depends on the dot shape. Since at a finite
Zeeman field the asymptotics in t is determined by κ’s
close to 1, we see from Eq.(16) that for ǫ ≈ ǫ⋆z the asymp-
totics changes abruptly. Indeed, for ((ǫz − ǫ⋆z)/A)2 ≪ 1,
we find α˜ ∝ 1/√τ , for 1 ≪ τ ≪ ((ǫz − ǫ⋆z)/A)−2, and
α˜ ∝ 1/τ3/2, for τ ≫ ((ǫz − ǫ⋆z)/A)−2. Thus, when ap-
proaching the critical Zeeman field ǫ⋆z there is a slow down
of the asymptotics from 1/τ3/2 to 1/τ1/2. It is interesting
that this slow down is related to a strong modulation of
the density of states (DOS) of the excitations within the
continuum band (branch cut) near its edge when ǫz → ǫ⋆z.
In the subspace of none or one nuclear spin flipped (see
Eq.(11)), the DOS ν becomes
ν(u) =
1
π
Im[G0(u) +
d
du
lnD(u)], (25)
where u = iω, G0(u) =
∑
k 1/(u + Ak/2) is the ”unper-
turbed Green’s function”, andD(u) is the denominator of
α(ω), see Eq.(14). [20] The derivation of Eq.(25) is given
in the Appendix. One can then show that for ǫz → ǫ⋆z (i.e.
the upper pole approaches the continuum edge), the DOS
develops a square root singularity: ν(u) ∝ 1/√ω0 − u.
Simultaneously, the weight of the upper pole vanishes
linearly in ǫz as ǫ
⋆
z − ǫz → 0.
Finally, the nuclear state is characterized by βk(t),
which allows for similar evaluation as for α. Here we
just note that its branch cut part, β˜k(t), is nonmono-
tonic in time, particularly pronounced at ǫz → ǫ⋆z: First,
β˜k(t) grows like
√
τ , until τ reaches∼ 1/(1−ak)≫ 1, and
then it decays like 1/(
√
τ (1−ak)), with ak = Ak/A0 → 1.
Thus, βk is maximal for Ak close to A0, i.e. the nuclei
near the dot-center are affected most by the hyperfine
interaction with the electron spin.
7IV. DEPENDENCE OF THE ELECTRON SPIN
DECOHERENCE ON THE INITIAL NUCLEAR
STATE.
So far we have assumed that the initial nuclear state
had the form of a single tensor product state. Now we
study the dependence of the electron spin decoherence on
the initial nuclear state and start with the simple case of
homogeneous coupling.
A. Homogeneous coupling.
In this subsection we consider the case of homogeneous
coupling, when all the coupling constants are equal, i.e.
Ak = A/N . It is instructive to start with it, since in
contrast to naive expectations even in this simple case
there is some time dependence of < Sz(t) > which cannot
be described by a single frequency. On the other hand,
in this case the expectation value < Sz(t) > is a periodic
function and, for that reason, the electron spin dynamics
is coherent though the corresponding period can be very
large for large N (see below). The Hamiltonian is very
simple, Hˆ = (A/N)I ·S, where I is the total nuclear spin.
Then, we can diagonalize Hˆ and obtain the result:
E1 =
AI
2N
, forJ1 = I + 1/2,
E2 = −A(I + 1)
2N
, forJ2 = I − 1/2. (26)
In the simplest case of a fully polarized nuclear state and
opposite initial electron spin polarization (with Ψ0 given
in Eq.(10)) we obtain the following result:
< Sz(t) >= −1
2
+
2N
(N + 1)2
(1 − cosΩN/2t), (27)
where ΩN/2 = A(1 + 1/N)/2. This result can be eas-
ily understood, since for the homogeneous coupling I2 is
conserved and the initial nuclear state corresponds to the
maximal value I = N/2. Then from Eq.(26) we obtain
for the difference of E1 and E2 corresponding to I = N/2
the value which is equal to ΩN/2. Note that the magni-
tude of the oscillating term is 1/N for N ≫ 1, as it has
been already observed in Sec. III.
In the case when initially one nuclear spin is flipped,
the exact ket has the form
Ψ1(t) =
∑
k
αk(t)| ⇓; ↑, ↑, ↓k, ↑, ... > +
+
∑
k>l
dkl(t)| ⇑; ↑, ↑, ↓k, ↑, ↓l, ... >, (28)
and the normalization condition is
∑
k |αk(t)|2 +∑
k>l |dkl(t)|2 = 1, with initial condition dkl(0) = 0.
From the solution of the Schro¨dinger equation we obtain
for < Sz(t) >
< Sz(t) >= −1
2
+
2(N − 2)
(N − 1)2 (1 − cosΩN/2−1t)−
2|α(0)|2
N
[
(N − 2)
(N − 1)2 (1 − cosΩN/2−1t)−
2(N − 1)
(N + 1)2
(1− cosΩN/2t)
]
,
(29)
where ΩN/2−1 = A(1 − 1/N)/2 is the frequency cor-
responding to the solution E1 − E2 of Eq.(26) with
I = N/2− 1, and α(0) =∑k αk(0). Now, in contrast to
the fully polarized case there are oscillating terms with
two frequencies involved. This is because the initial nu-
clear state corresponds to Iz = N/2 − 1. This value
of Iz can be realized with I = N/2 and I = N/2 − 1.
Note that for N ≫ 1 the amplitude of the oscillating
term corresponding to I = N/2 is smaller by factor 1/N
than the amplitude of the oscillating term corresponding
to I = N/2 − 1. This is a general rule which can be
checked for an arbitrary initial state with Iz = n. This
state is constructed mostly from the state with I = n
and the contributions of all other I values are small for
N ≫ 1. The expectation value < Sz(t) >, Eq.(29), is
periodic with period T = 4πN/A. The initial condition
enters Eq.(29) through the quantity α(0) =
∑
k αk(0).
We can easily check that in the case of the homoge-
neous coupling there is only a weak dependence on the
type of the initial nuclear state. For example, the cases
αk(0) = δkn, α(0) = 1 (which is a single tensor prod-
uct state) and a randomly correlated (entangled) state
when the coefficients αk(0) have random phases, so that
|α(0)| ≪ √N , correspond to the same solution < Sz(t) >
for N ≫ 1, as is easily seen from Eq.(29).
The solution for the initial nuclear state with a larger
number of flipped spins can be obtained similarly. For ex-
ample, when the initial state corresponds to two flipped
nuclear spins, the solution for< Sz(t) > contains oscillat-
ing terms with three frequencies, ΩN/2,ΩN/2−1,ΩN/2−2.
These frequencies are the solutions of Eq.(26) for I =
N/2, N/2 − 1, N/2 − 2. Moreover, the initial condi-
tions (the information about the initial nuclear state)
enter now < Sz(t) > in a more complicated way be-
sides the quantity |α(0)|2 which we observed for the case
with one flipped spin, since it contains also the quan-
tity
∑
k |αk(0)|2. Again, depending on the type of the
correlations between the coefficients αk(0) we can have
8different dynamics of the electron spin. However, the de-
pendence on the type of the initial nuclear state is again
rather weak.
B. Inhomogeneous coupling.
Up to now we have only considered the decoherence
of the electron spin caused by inhomogeneous coupling
for a given initial nuclear state which had the form of
a single tensor product state. Here we consider a more
general initial nuclear state which can be entangled, i.e.
contains the coherent superposition of the single tensor
product states
∑
T αT |T 〉, where the sum goes over the
tensor product states |T 〉. This problem was addressed
numerically in Ref.19. We give here the exact analytical
solution of a typical problem of this kind which consists
of a very simple initial nuclear state but still contains
the relevant physics. In particular, we can examine the
dependence of the electron spin decoherence (and the cor-
responding time scales) on the type of initial state. As
an example of the initial electron and nuclear state which
we can treat exactly we choose the following one: All but
one nucleus are polarized in z-direction and the electron
spin is in the up state. We will see that the results are
the same for all cases, namely, for this particular nuclear
state the time scale for the onset of the decay is always
∼ N/A independent of the phases of the coefficients αT .
The exact ket of the system for t > 0 has the form
Ψ(t) =
∑
k
αk(t)| ⇑; ↑, ↑, ↓k, ↑, ... > +β(t)| ⇓; ↑, ↑, ↑, ... >,
(30)
where the first term at t = 0 represents the initial
state of the system. The normalization condition is∑
k |αk(t)|2 + |β(t)|2 = 1, and β(t = 0) = 0. The depen-
dence on the initial nuclear state comes from a different
realization of the coefficients αk(0). If, for example, we
have αk(0) = δkn, then the initial nuclear state consists
of a single product state. On the other hand, the entan-
glement of the initial nuclear state can be of a different
kind, depending on whether the coefficients αk(0) have
random phases or correlated phases. From the system of
equations similar to Eq.(13) we obtain:
β(t) = e−itA/4
∫
Γ
dω
2πi
exp(ωt)β(ω), (31)
β(ω) =
i
2
1
iω +A/2−∑iA2i /4(iω +Ai/2)
∑
k
Akαk(0)
iω +Ak/2
.
(32)
Here again A =
∑
k Ak and the integration contour Γ
is the same as in Eq.(15), see Fig. 3. The quantity <
Sˆz(t) > we are interested in is given by the equation
< Sˆz(t) >=
1
2
− |β(t)|2. (33)
As it was already mentioned above, Eq.(32) contains the
information about the initial nuclear state through the
coefficients αk(0). Note that the denominator of the first
factor in the solution for β(ω), see Eq.(32), is exactly the
same as that in α(ω), Eq.(14), if we put in the latter
ǫz = 0. Thus, Eq.(32) contains partially the same sin-
gularities as α(ω). There are, however, some additional
singularities whose character depends on the properties
of the coefficients αk(0).
1. Let us consider the case αk(0) = δkn. This means
that the initial nuclear state is just a simple tensor prod-
uct state. Then besides the branch cut and the first or-
der pole (outside the branch cut) which we had before for
α(ω), there is an additional first order pole ω = iAn/2
which lies within the branch cut. Considering again the
continuous limit (i.e. replacing the sum by an integral
and using Eq.(8)) we obtain:
βn(t) =
e−itA/4
4πi
∫
Γ
dω
ω
eωt
An
(iω +An/2)
1
[1 + πN
∫
dz ln(1 − iAχ20(z)2πNω )]
. (34)
We have evaluated Eq.(34) in the 2D case with the model function χ20(z) introduced in Sec. III A and find
βn(τ) = e
−itA/4 x0
πN
[
P
∫ 1
0
dxeixτ
x(x0 − x)[π2 + ln2(1/x− 1)]
− eiπNτ+iτ/2 − ln(1/x0 − 1)e
ix0τ
x0[π2 + ln
2(1/x0 − 1)]
]
, (35)
where x0 = An/A0 < 1, and P means the principle value of the integral. Since βn(τ) is of order 1/N , it follows
9from Eq.(33) that the decaying part of the electron spin
state has now a smallness ∼ 1/N2. This is simply due
to the fact that initially the electron has the same spin
orientation as all the nuclei except one, and the flip-flop
process is only allowed with this particular nucleus. How-
ever, the time scale for the onset of the decoherence is the
same as before, i.e. it starts at τ > 1 and the asymptotic
dependence of Eq.(33) at τ ≫ 1 is 1/ ln τ , the same as
before, see Sec. III A.
2. Let us now consider the case when αk(0) = 1/
√
N .
This corresponds to the entangled initial nuclear state
where all the terms have the same phases. It is easy to
see that the singularity of the second factor in Eq.(32) (a
branch cut) coincides with that of the first factor. Thus,
we obtain that the decay starts at the same time τ > 1 as
it was for the single tensor product state with the same
decay law, i.e. 1/ ln τ .
3. Finally, we consider the case when the phases of the
coefficients αk(0) are random. It is obvious that while
the decay law can be different depending on the partic-
ular choice of the coefficients αk(0) (phases), the char-
acteristic time scale for the onset of the decay is always
the same, i.e. N/A. This follows from the fact that the
singularity of the first factor in Eq.(32) (a branch cut) is
exactly the same as of the second factor. This in turn is
the consequence of the fact that in the model considered
here it is only one nuclear spin which is flipped. There-
fore, the characteristic energy change which determines
the time scale for the onset of the decay is Ak ≃ A/N .
It is also clear that in a more general case, for example,
of an unpolarized nuclear state there is a different en-
ergy scale involved which is related to different values of
the magnetic fields corresponding to different configura-
tions which are present in the initial superposition of the
states. This scale presumably is A/
√
N . Then the result
can be entirely different. It has actually been observed in
Ref.19 that there is a strong dependence of the charac-
teristic time scale for the onset of the electron spin decay
on the type of the initial nuclear spin state.
V. AVERAGING OVER NUCLEAR
CONFIGURATIONS. DEPHASING TIME FOR
AN ENSEMBLE OF DOTS.
In Secs. II and III we have seen that the decay of
Cn(t) occurs in the time interval N/A ≪ t ≪ N2/A,
with N/A ≃ 10−6s in GaAs dots. On the other hand,
the electron spin precesses in the net nuclear field (see
Eq. (5)) with the characteristic period (hz)
−1
n ≃ ω−1N ≃
10−8 ÷ 10−9s. Thus, ω−1N ≪ N/A, and we see that
the electron spin undergoes many precessions in a given
nuclear field before decoherence sets in due to the non-
uniform hyperfine couplings Ak. This behavior changes
dramatically when we average over nuclear configurations
[10, 21]. For that purpose we consider high temperatures,
kBT ≫ ~ωN , and average Cn(t) in Eq.(4) over all nuclear
configurations, i.e. C(t) =
∑
n Cn(t)/
∑
n. We then find
C(t) =
∑
k
−A2k
8
∫ t
0
dt1
∫ t
0
dt2
∏
i6=k
cos[
Ai
2
(t1− t2)]. (36)
For τ ≪ 1, we get ∏i6=k cos(Ait/2) =
exp[−NC(At/2πN)2], where C = π ∫ dzχ40(z)/4.
Thus, the averaged spin correlator C(t), Eq.(36), is of
order − ∫ ωN t0 dxΦ(x), with Φ being the error function.
Thus, C(t) grows without bound as ωN t for ωN t ≫ 1
(the condition τ ≪ 1 can still be satisfied). Conse-
quently, the perturbative approach breaks down even in
leading order in Vˆ (we recall that without averaging the
divergences occur in all higher but not in lowest order).
To treat this case properly, we need a non-perturbative
approach. For that purpose we calculate now the
correlator C(t) exactly by treating the nuclear field
purely classically, i.e. as a c-number. Then we obtain,
Cn(t) = −h
2
N⊥
4h2N
(1− coshN t), (37)
where hN =
√
h2Nz + h
2
N⊥ is the nuclear field, with
h2N⊥ = h
2
Nx + h
2
Ny. The value of hN corresponds to
a given nuclear configuration n. To make contact with
the perturbation procedure we used before in the quan-
tum case we go to the regime h2N⊥ ≪ h2Nz, where hN
can be replaced by hNz in Eq.(37). Then we average
the resulting expression (h2N⊥/h
2
Nz)(1 − coshNzt) over
a Gaussian distribution for hN , i.e. over P (hN ) ∝
exp(−3h2N/2ω2N). The result becomes proportional to∫ +∞
0
dz exp(−z2/2)(1− cos(γz))/z2 ∝ ∫ γ
0
dxΦ(x), where
γ = ωN t/
√
3. Thus, we see that we obtain exactly the
same functional form as before from Eq.(36) with the
same divergencies in t. This reassures us that the treat-
ment of the nuclear field as a classical field is not essential.
On the other hand, the same Gaussian averaging proce-
dure can now be applied to the non-perturbative form
Eq.(37). Defining Ccl(t) =
∫
dhNP (hN )Cn(t), we obtain
Ccl(t) = −1
6
[1 + (
ω2N t
2
3
− 1) e−ω2Nt2/6]. (38)
Thus we get rapid (Gaussian) decay of the correlator for
t≫ ω−1N , giving the dephasing time ω−1N =
√
N/A. This
means that < Sˆz(t)Sz > saturates at 1/3 of its initial
value of 1/4. Finally, it seems likely that for the case of
nuclear quantum spins a non-perturbative treatment of
the averaged correlator C(t) will lead to a similar rapid
time decay as found for the classical case in Eq. (38).
VI. CONCLUSION.
In conclusion, we have studied the spin decoherence of
an electron confined to a single quantum dot in the pres-
ence of hyperfine interaction with nuclear spins. The de-
coherence is due to a non-uniform coupling of the electron
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spin to nuclei located at different sites. The decoherence
time is given by ~N/A and is of the order of several µs for
typical GaAs dots. It is shown that in a weak external
Zeeman field the perturbative treatment of the electron
spin decoherence is impossible, in particular, we cannot
use the usual formulas Eq.(1). Moreover, the decay of the
electron spin correlator in time does not have an expo-
nential character, instead it is given by a power or inverse
logarithm law. In the case of a strong Zeeman field the
decay has a universal character ∝ 1/td/2, where d is the
real space dimensionality of the problem. We have also
solved exactly several model problems which allowed us
to investigate the dependence of the electron spin decay
on the initial state of the nuclear system. We have shown
that there is a strong difference between the decoherence
time for a single dot, ~N/A, and the dephasing time for
an ensemble of dots, ~
√
N/A.
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VIII. APPENDIX
In this Appendix we derive the density of states (DOS)
given in Eq.(25). The definition for the DOS is
ν(ω˜) =
1
π
ImTr
1
iω˜ − Hˆ , iω˜ = E − iǫ, ǫ→ 0. (39)
We write the trace as follows:
Tr
1
iω˜ − Hˆ =< Ψ0|
1
iω˜ − Hˆ |Ψ0 > +
∑
k
< Ψk| 1
iω˜ − Hˆ |Ψk >,
(40)
where
|Ψ0 >= | ⇓; ↑, ↑, ↑, ... >,
|Ψk >= | ⇑; ↑, ↑, ↓k, ↑, ... >, k = 1, ..., N. (41)
The Laplace transform of Eq.(13), α(ω˜) =∫∞
0
dt exp(−ω˜t)α(t), gives for general initial condi-
tions:
βl(ω˜) =
Alα(ω˜)/2 + iβl(t = 0)
iω˜ −A′/4 +Al/2 (42)
and
α(ω˜) =
iα(t = 0)
D(ω˜)
+
i
2D(ω˜)
∑
k
Akβk(t = 0)
iω˜ −A′/4 +Ak/2 , (43)
where
D(ω˜) = iω˜ +A′/4− 1
4
∑
k
A2k
iω˜ −A′/4 + Ak/2 =
= iω + ǫz + iω
∑
k
Ak/2
iω +Ak/2
, (44)
and iω = iω˜ −A′/4.
1) Let us start with the case
exp(−iHˆt)|Ψ0 >= α(t)|Ψ0 > +
∑
k
βk(t)|Ψk >, (45)
which corresponds to the initial conditions α(t = 0) =
1, βk(t = 0) = 0. Performing the Laplace transform of
Eq.(45), we obtain
< Ψ0| 1
iω˜ − Hˆ |Ψ0 >= −iα(ω˜) = 1/D(ω˜), (46)
where we have used Eq.(43) with initial conditions α(t =
0) = 1, and βk(t = 0) = 0.
2) Next we consider the case
exp(−iHˆt)|Ψk >= αk(t)|Ψ0 > +
∑
k′
βkk′(t)|Ψk′ >, (47)
which corresponds to the initial conditions αk(t = 0) = 0,
and βkk′(t = 0) = δkk′ . Again, performing the Laplace
transform of Eq.(47), we obtain
∑
k
< Ψk| 1
iω˜ − Hˆ |Ψk >= −i
∑
k
βkk (ω˜). (48)
It follows from Eqs.(42, 43) and the initial conditions
indicated above that
βkk (ω˜) =
i
4D
A2k
(iω˜ −A′/4 +Ak/2)2 +
i
iω˜ −A′/4 +Ak/2 .
(49)
Then from Eqs.(48), (49) we obtain
∑
k
< Ψk| 1
iω˜ − Hˆ |Ψk >=
1
4D
∑
k
A2k
(iω˜ −A′/4 +Ak/2)2 +
∑
k
1
iω˜ −A′/4 +Ak/2 . (50)
Collecting all the terms, Eqs.(46),(50), we obtain
ν =
1
π
Im
[
1
D(ω˜)
(
1 +
∑
k
(Ak/2)
2
(u+Ak/2)2
)
+
∑
k
1
u+Ak/2
]
,
(51)
where u = iω. From Eq.(44) we can easily check that
d
du
lnD =
1
D
(
1 +
∑
k
(Ak/2)
2
(u +Ak/2)2
)
. (52)
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Thus, from Eq.(51) we finally obtain Eq.(25) of the main text.
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FIG. 1: A single electron spin localized in a quantum dot
described by a parabolic confinement potential (x,y plane).
The electron is assumed to be in the orbital ground state
described by the envelope wave function Ψ, and interacts with
the nuclear spins (located at ~ri) via hyperfine interaction Ai ∼
|Ψ(~ri)|2 which varies as function of position ~ri.
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FIG. 2: The same situation as in Fig.1 but with fully polarized
nuclear spins.
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FIG. 3: The integration contour Γ in Eq.(15), enclosing poles
and branch cut.
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FIG. 4: Schematic dependence of < Sz(t) > on time t for the
unpolarized tensor product and fully polarized nuclear states.
The time scale for the onset of the decay ∼ N/A is the same
for both cases. In the fully polarized case the magnitude of
the effect is 1/N . The period of oscillations is of the order of√
N/A for the unpolarized and ∼ 1/A for the polarized case.
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FIG. 5: The dependence of |α|2 averaged over time (<
|α(t)|2 >) on the external Zeeman field ǫz for a fully polarized
nuclear state. The resonance occurs at |ǫz| = A/2, and the
width of the resonance is ∼ A/√N , which is much smaller
than the initial gap A/2.
